We conjecture that the structure of Bernoulli numbers can be explicitly given in the closed form
Introduction
The classical Bernoulli numbers B n are defined by the power series . Although the first numbers are small with |B n | < 1 for n = 2, 4, . . . , 12, these numbers grow very rapidly with |B n | → ∞ for even n → ∞.
For now, let n be an even positive integer. An elementary property of Bernoulli numbers is the following discovered independently by T. Clausen [Cla40] and K. G. C. von Staudt [vS40] in 1840. The structure of the denominator of B n is given by These congruences and its generalizations are important properties of Bernoulli numbers which lead to a p-adic view giving interesting information about B n /n. Let ϕ be Euler's totient function. The Kummer congruences state for n, m, p, r ∈ N, n, m even, p prime and p − 1 ∤ n
with n ≡ m (mod ϕ(p r )).
In 1850 Kummer [Kum50] introduced the classification of regular and irregular primes to characterize solutions of the famous Fermat's last theorem (FLT). An odd prime p is called regular if p does not divide the class number of the cyclotomic field Q(µ p ) with µ p as the set of p-th roots of unity, otherwise irregular. Kummer proved that if p is regular then FLT has no solution for the exponent p. He also gave an equivalent definition concerning Bernoulli numbers: An odd prime p is called regular if p does not divide any Bernoulli number B n for n = 2, 4, . . . , p − 3, otherwise irregular. The index of irregularity i(p) counts these indices for which p | B n happens. In this case the pair (p, n) is called an irregular pair. First irregular primes are 37, 59, 67, 101.
Regarding Bernoulli numbers, it will be very useful to combine properties of B n as well of B n /n, the so-called divided Bernoulli number. An easy consequence of the Kummer congruences provides that the numerator of B n /n consists only of irregular primes and that infinitely many irregular primes exist. For the latter see a short proof of Carlitz [Car54] , see also All these basic results of Bernoulli numbers can be found in the book of Ireland and Rosen [IR90, Chapter 15] . Throughout this paper all indices concerning Bernoulli numbers will be even and p an odd prime. Note that in older references the enumerating of Bernoulli numbers can differ by a factor 2. Let p r || n denote the highest power of p dividing n in order that r = ord p n.
Preliminaries
Here we will recall necessary facts about irregular prime powers of Bernoulli numbers and p-adic zeta functions. The definition of irregular pairs can be extended to irregular prime powers which was already given in [Kel04] , first introduced by the author [Kel02, Section 2.5].
Definition 2.1 A pair (p, l) is called an irregular pair of order n if p n | B l /l with 2 ≤ l < ϕ(p n ) and even l. Let
be the set of irregular pairs of order n. For a prime p the index of irregular pairs of order n is defined by
n be an irregular pair of order n. Let
be the p-adic notation of (p, l) with 0 ≤ s ν < p for ν = 1, . . . , n and 2 | s 1 , 2 ≤ s 1 ≤ p−3.
The corresponding set will be denoted as Ψ irr n . The pairs (p, l) and (p, s 1 , s 2 , . . . , s n ) will be called associated. Let (p, l) ∈ Ψ irr n be an irregular pair of order n. Then define
with 0 ≤ ∆ (p,l) < p. In the case ∆ (p,l) = 0 we will denote ∆ (p,l) as singular.
Remark 2.2 Note that this definition includes the usual definition of irregular pairs for n = 1 with i(p) = i 1 (p). By Kummer congruences (1.3) the interval [2, ϕ(p n ) − 2] is given for irregular pairs of order n if they exist. Moreover, we have the property
is valid for all k ∈ N 0 . For simplification (p, s 1 , s 2 , . . . , s n ) is also called an irregular pair with (s 1 , s 2 , . . . , s n ) as the second parameter in a p-adic manner. It is easy to see that if (p,
The following proposition, see [Kel04, Prop. 5 .3], gives an unconditional representation of Bernoulli numbers by sets Ψ irr ν . This is seen by (1.1), (1.2), and counting irregular prime powers. Proposition 2.3 Let n be an even positive integer, then
The divided Bernoulli numbers B n /n are directly related to the Riemann zeta function ζ(s) on the negative x-axis
where the Riemann zeta function is usually defined by the sum or the Euler product Definition 2.4 Let p be a prime with p ≥ 5. Let
For a fixed s 1 ∈ {2, 4, . . . , p − 3}, define the p-adic zeta function by
for p-adic integer s by taking any sequence (t ν ) ν≥1 of nonnegative integers which padically converges to s.
By construction the p-adic zeta function ζ p, s 1 (s) interpolates the zeta function ζ p (1−n) at nonnegative integer values s by
with n ≡ s 1 (mod p − 1) and n = s 1 + (p − 1)s. Because of Kummer congruences
is a unique continuous function on Z p by means of interpolating property.
The ∆-Conjecture
Let (p, l) ∈ Ψ irr 1 be an irregular pair, then we are interested in the behavior of ∆ (p,l) . Essentially, there are two cases to consider: ∆ (p,l) = 0 and ∆ (p,l) = 0. Now, calculations in [BCE + 01] for irregular primes p < 12 000 000 show that ∆ (p,l) = 0 is always valid. No singular ∆ (p,l) has been found yet. However, the improbable case of a singular ∆ (p,l) which implies a strange behavior without regularity is described in the next section. The following theorem gives the main result of irregular pairs in the nonsingular case, see [Kel04, Theorem 3.1].
1 be an irregular pair with ∆ (p,l 1 ) = 0. Then for each n > 1 there exists exactly one irregular pair of order n corresponding to (p, l 1 ). Therefore, a unique sequence (l n ) n≥1 resp. (s n ) n≥1 exists with
Moreover, one has
which contains all information of irregular pairs of higher order corresponding to (p, l).
The following theorem, a result of [Kel04, Theorem 4.6/4.10], shows the behavior of the p-adic zeta function. The Kummer congruences (1.3) are valid by the implication
but the converse does not hold in general. The first nontrivial counterexample is given by p = 13 and B 16 /16 − B 4 /4 = −7 · 13 2 /2720. Note that also B 14 /14 − B 2 /2 = 0 happens which is the only exception that divided Bernoulli numbers are equal.
strong version of the Kummer congruences holds
Moreover, one has
As a consequence, we easily obtain |ζ p, l (s)| p = |p (χ (p,l) − s)| p for s ∈ Z p under the assumption above. Thus, the power of the irregular prime p can be described by measuring the p-adic distance to the zero χ (p, l) of the p-adic zeta function ζ p, l . Since
, we obtain a structural formula of ζ(1 − n) resp. B n /n, see [Kel04, Theorem 4.9] . Note that we combine the numerator and denominator of B n /n in this formula. Vaguely speaking, the numerator can be described by zeros of ζ p, l and the denominator by poles of ζ p, 0 lying at 0, where ζ p, 0 : Z p → Q p extends Definition 2.4 using arguments given in [Kob96, Chapter II, p. 46].
Theorem 3.4 Let P be the set of primes. Then define Ψ 0 = Ψ irr 1 ∪ (P × {0}) and χ (p,0) = 0 for all p ∈ P. Define ρ(l) = 1 − 2 sign(l) = ±1 for l ≥ 0. Let n be an even positive integer, then under the assumption that no singular ∆ (p,l) exists, one has
One may ask whether the structure of the Riemann zeta function at odd negative integers is given by this simple form. Now, all these facts substantiated by calculations lead to the following conjecture, already mentioned in [Kel02] . Finally, assuming the ∆-Conjecture, we also obtain a structural formula of Bernoulli numbers which gives a decomposition in three products. The first and last product are trivially given, the complicated product in the middle consists only of irregular primes.
Theorem 3.6 Let n be an even positive integer, then under the assumption of the ∆-Conjecture
Proof. The product in the middle is given by Theorem 3.4. The first resp. last product is a consequence of (1.2) resp. (1.1).
The main task remains to determine the zero of a p-adic zeta function associated with an irregular pair (p, l). An irregular pair (p, l n ) ∈ Ψ irr n of order n yields an approximation of the zero χ (p, l) . Fortunately, these irregular pairs of higher order can be computed with little effort by calculating a small number of divided Bernoulli numbers with relatively small indices. For algorithms and calculated pairs see [Kel04, Section 5, which also shows a rare occurrence of a zero in the p-adic sequence, here s 7 = 0. This is the only zero which occurs in the p-adic sequence of irregular pairs of order 10 for p < 1000, see [Kel04,  Theorem 4.1 Let (p, l n ) ∈ Ψ irr n be an irregular pair of order n with ∆ (p,ln) = 0. Then there exist two cases:
There are no irregular pairs of order n + 1 and higher.
of order n + 1 with ∆ (p, l n+1,j ) = 0 for j = 0, . . . , p − 1.
The following diagram demonstrates the behavior of the singular case. This situation can be described by a rooted p-ary tree of irregular pairs of higher order.
Here a vertical line indicates that (p, l n ) ∈ Ψ irr n ∩ Ψ irr n+1 happens. We then have p irregular pairs of order n + 1 which are represented by branches. In this case, the corresponding Bernoulli number B ln /l n decides whether there exist further branches or they stop. Instead of n the order of the p-power must be at least n + 1. This also means that an associated irregular pair (p, s 1 , . . . , s n+1 ) ∈ Ψ irr n+1 must have a zero s n+1 = 0 in its p-adic notation each time. Now, it is worth saying that no irregular pair (p, l) has been found with p 2 | B l resp. (p, l) ∈ Ψ irr 1 ∩ Ψ irr 2 for p < 12 000 000, see [BCE + 01], while an example of an element of Ψ irr 6 ∩ Ψ irr 7 is shown in the previous section.
Definition 4.2 Let (p, l) ∈ Ψ irr 1 be an irregular pair with a singular ∆ (p,l) . Then define a rooted p-ary tree of irregular pairs of higher order like in the diagram above given by Theorem 4.1. Each node contains one irregular pair of higher order. Note that these pairs are not necessarily distinct. We denote this tree as T 0 (p,l) related to the root node (p, l). The tree T 0 (p,l) has the property that each node of height r lies in Ψ irr r+1 . A tree T 0 (p,l) = {(p, l)} is called a trivial tree having height 0. A tree of height one is given by the root node (p, l) and its p child nodes (p, l + jϕ(p)) with j = 0, . . . , p − 1. A tree with height ≥ 2 always contains the latter one.
In the nonsingular case, we have a zero of the p-adic zeta function. In contrast to, the singular case does not guarantee that irregular pairs of higher order exist at all. However, an exception does not destroy Theorem 3.6 but complicates the formula, because we then have to consider the tree T 0 (p,l) of irregular pairs of higher order. Thus, we obtain an unconditional formula by combining both cases.
Theorem 4.3 Let n be an even positive integer, then
with the height of (p, n) defined by
Proof. The case ∆ (p,l) = 0 is already handled by Theorem 3.6. Now, assume ∆ (p,l) = 0 with a given tree T 0 (p,l) . We have to determine the max. height of a node (p, l ν,j ) ∈ T 0 (p,l) ∩ Ψ irr ν which is equal to (p, n (mod ϕ(p ν ))), as a consequence of Remark 2.2. The root node (p, l) has height 0, so the exponent equals 1 + h 0 (p, n). If the tree T 0 (p,l) is trivial, then h 0 (p, n) = 0 is constant. On the other side, a tree T 0 (p,l) having height ≥ 1 contains p irregular pairs of order two. Then (p, n (mod ϕ(p 2 ))) ∈ T 0 (p,l) is always valid which finally yields h 0 (p, n) ≥ 1.
Corollary 4.4 Let n be an even positive integer, then
|n| p p with h 0 (p, n) as defined above.
Applications
Regarding Theorem 4.3 and the definitions of h 0 and χ (p,l) , we can state an extended version of Adams' theorem given by (1.2).
Theorem 5.1 Let n be an even positive integer. Let p be a prime with p r || n, r ≥ 1, and p − 1 ∤ n. Let l ≡ n (mod p − 1) with 0 < l < p − 1. Then p r+δ || B n with the following cases:
(1) If p is regular, then δ = 0.
Proof. We have to consider the formula of Theorem 4.3, then the first product yields p r | B n . Only the second resp. third product can give additional p-factors. Therefore, case (1) and (2) are given by definition. Now, we can assume (p, l) ∈ Ψ irr 1 . A nonsingular
On the other side, a singular ∆ (p,l) provides δ = 1 + h 0 (p, n) in case (4). The additional cases are shown as follows.
Case (3): By assumption, n = p r n ′ with some integer n ′ . We have to evaluate
So far, no (p, l, l) ∈ Ψ irr 2 has been found yet. We can even raise the value δ in the following way.
Corollary 5.2 Assume that (p, l, . . . , l) ∈ Ψ irr r exists with some r ≥ 1. Let n = lp r . Then, we have p r || n and p 2r | B n .
Proof. By Definition 2.1, we have
Then p r | B lr+k ϕ(p r ) /(l r + k ϕ(p r )) is valid for all k ≥ 0. Choose n = l r + l ϕ(p r ) = lp r . Thus, p r | B n /n and finally p 2r | B n . Note that we cannot predict that p 2r || B n in general.
Johnson [Joh74, Theorem, p. 655] calculated irregular pairs up to p < 8000. Correspondingly, he also calculated the now called irregular pairs (p, s 1 , s 2 ) ∈ Ψ irr 2 of order two in that range, proving that (p, l, l) / ∈ Ψ irr 2 for p < 8000. See also [Kel04, Table A .3] for calculations of irregular pairs of order 10 for p < 1000. In a similar manner, the nonexistence of irregular pairs (p, l, l − 1) of order two plays an important role in Iwasawa theory, see Washington [Was97] for Iwasawa theory and [Kel04, Section 6] for this special result. In context of cyclotomic invariants, calculations of [BCE + 01] ensure that no (p, l, l − 1) ∈ Ψ irr 2 exists for p < 12 000 000. One may conjecture that no such special irregular pairs (p, l, l) resp. (p, l, l − 1) of order two exist. But there is still a long way to prove such results, even to understand properly which role the zeros χ (p,l) play.
By Definition 2.1, we have the relation 
The first equivalence agrees with our results, but the second equivalence is false. 
Proof. Assume D > 1. We then have D = p 1 · · · p r with r ≥ 1 since V n−k is squarefree by (1.1). Let ν ∈ {1, . . . , r}. We have the following properties: p ν | Λ n and p ν − 1 ∤ n, additionally, p ν | V n−k and p ν − 1 | n − k with p ν < n. Hence, we obtain p ν ∤ V k . Assume to the contrary that
Contradiction. Assume p ν ∤ n or p ν | B n /n, then we obtain by Kummer congruences (1.3)
yields a contradiction. We obtain p ν | n and p ν ∤ B n /n. Finally D | n is valid. Now, the set S cannot be enlarged, because (5.1) does not hold in general for numerators having prime factors. For example, let p = 691 and n = 12 + (p − 1), then we have p | B 12 /12 and D = (Λ n , V n−12 ) = pc ∤ n with some c ≥ 1. Actually, c = 1 with the help of Mathematica. On the other hand, one trivially obtains for k ∈ S, p prime with p − 1 ∤ k, n = kp infinitely many examples of D > 1. In the following theorem, Theorem 5.4 plays a crucial role. Define for positive integers n and m the summation formula of consecutive integer powers by
Many congruences concerning function S n are naturally related to Bernoulli numbers.
Theorem 5.5 Let n, m be positive integers with even n. Then
Proof. Write B n = Λ n /V n with (Λ n , V n ) = 1. Assume m > 1 and n ≥ 10 with even n, otherwise we have |Λ n | = 1 for n = 2, 4, 6, 8. It is well known, see [IR90, p. 234] , that for even n ≥ 10
We have to examine carefully the sum given in ( for such k ≤ n where B n−k = 0. Critical cases are to consider for p = 2, 3, 5 and s = 1. Now, we are ready to evaluate (5.2) (mod m t ) for certain t. Our goal is to show that the second term vanishes, but the denominator V n−2 could possibly remove prime factors from m. Now, Theorem 5.4 asserts that (Λ n , V n−2 ) | n.
We also have (m, V n−2 ) | n since m | B n . This means that the factor n adds those primes which V n−2 possibly removes from m. Therefore, the second term of (5.4) vanishes (mod m 3 ). The rest follows again by S n (m) ≡ B n m ≡ 0 (mod m 3 ).
One can improve the value r for certain m | n, since n k appears in the sum (5.2), but not in general. Let p = 37 and l = 37580. We then have (p, l) ∈ Ψ irr 3 and p 3 | B l , but p 4 ∤ S l (p) which was checked with Mathematica. Bernd C. Kellner address: Reitstallstr. 7, 37073 Göttingen, Germany email: bk@bernoulli.org
